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Abstract 



Given two pointed Gromov hyperbolic metric spaces {Xi,di, Zi), i — 
1,2, and A £ Rj, we present a construction method, which yields an- 
other Gromov hyperbolic metric space Ya = Ya{(Xi, di,zi), {X2, d2, 22))- 
Moreover, it is shown that once {Xi, di) is roughly geodesic, i = 1,2, then 
there exists a A' > such that Ya also is roughly geodesic for all A > A'. 



1 Introduction 

A metric space {X,d) is called 5-hyperbolic, (5 > 0, if for all x^y^z^w S X it 
holds 

d{x , y) + d{z , w) < iiiax{d{x , z) + d{y , w) , d{x , w) + d{y , z)} + 2S (1) 
and said to be Gromov hyperbolic, if it is (5-hyperbolic for some S > 0. 

Let (Xi, di) be Gromov hyperbolic metric spaces and fix Zi G Xi, i = 1,2. For 
A > consider the set Ya = Ya{Xi, di, zi, X2, ^2,^2) defined via 

Ya {{xi,X2) E Xi x X2 \ \di{xi,zi) ~ d2{x2,Z2)\ < A} C X := Xi x X2. 

On Ya we consider the metric dmlv^xYA which is the restriction of the Zoo- 
product metric d„i : X x X — > 



for all xi,x[ e Xi,X2, x'2 E X2, to Ya x Ya C X x X . 

Our paper is based on the following elementary observation which we refer to 
as 
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Theorem 1 Let (Xi,di) be Gromov hyperbolic metric spaces and Zi € Xi, i = 
1,2. Then (Ya, c'mlYA xVa); '^■^ introduced above, is Gromov hyperbolic. 

With Theorem ^ at hand we further prove the 

Theorem 2 Let {Xi,di) be roughly geodesic, Gromov hyperbolic metric spaces, 
Zi G Xi, i — 1,2, then there exists A > such that {Yi\, dmlv^xY^) is roughly 
geodesic for all A > A (and hyperbolic due to Theorem^. Moreover, its bound- 
ary at infinity is naturally homeomorphic to doc{Xi, di) x 900(^2,6^2)- 

For precise definitions of the boundary at infinity and rough geodesies see Section 

m 

Remark 1 (i) Both theorems can be formulated for a finite number of factors. 

(ii) For metric spaces {Xi,di) with nonempty boundaries at infinity, the Theo- 

rems^ and\^have analogues in the limit case, that the fixed points Zi g Xi 
converge at infinity. Those will precisely be stated in Section\^ 

(iii) An analogue of Theorem\^in the setting of geodesic metric spaces has been 
studied in fFSS^ . 

OutUne of the paper: In Section [21 we prove Theorem ^ In Section |3| we re- 
call some basic definitions and facts on Gromov hyperbolic metric spaces, which 
will be used in Section 0| when proving Theorem |21 and Section O when we state 
the above mentioned "limit case analogues" of the Theorems ^ and |21 

Acknowledgment: It is a pleasure to thank Mario Bonk for useful discussions 
and valuable comments on an earlier version of this paper. 

2 The Proof of Theorem [T] 

Proof of Theorem ^ First of all note that if for a metric space {X, d) there 
exist z e X and 6 > such that for all x,y,w G X it holds 

d(x,y) + d{w,z) < i<[iax.{d{x , w) -\- d{y , z) , d{x , z) -\- d{y , z)} + 26 (2) 

then {X,d) is 25-hyperbolic (see e.g. [U]'). 

Let now {Xi,di) be (5i-hyperbolic metric spaces and set d :— max{(5i, (52}- In 
order to show that (Ya, dm) is hyperbolic, we show that inequality ||2Jl holds for 
d = dm, z = {zi, Z2) € Ya, 5 ■= S -\- Y and x,y,z € Ya arbitrary: 

Without loss of generality we assume di{xi,yi) > d2{x2,y2)- Now, due to the 
definition of Ya we find 

dm{w,z) = max{di(it;i, zi), ^2(102, ^2)} < ^1(^1,2:1) + A. 
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Thus with the (5-hyperboHcity of the first factor we get 

dra{x,y) + d,n[w, z) 

< di{xi,yi) + di{wi,zi) + A 

< inei-x{d,n{x,w) + dmiy,z),dmix,z) + dm{y,z)} + 2S + A. 

□ 



3 Some basic definitions 

3.1 Hyperbolicity and rough geodesies 

Let (Xi, c?i), {X2, ^2) be metric spaces. A map / : Xi — > X2 is called a quasi- 
isometric embedding, if there exist A > 1, fc > such that for all x,x' e Xi it 
holds 

jdiix.x') - k < d2(/(x),/(x')) < Xdi{x,x') + k. 

li k — 0, f is called bilipschitz, while, for A = 1, / is said to be a fc-rough- 
isometric embedding. For fc = and A = 1 the embedding is called isometric. 

Let / : Xi — > X2 be a rough isometric embedding. Then, if {X2,d2) is hy- 
perbolic, so is {Xi,di). In case di and c?2 are length metrics, then the same 
holds when replacing the rough-isometric embedding through a quasi-isometric 
embedding (This non-trivial but by now standard result may be found in, for 
instance, |BriH| or [BuBuIp . 

A (fc-rough) geodesic 7 in {X, d) connecting x G X to £ X is a (fc-rough) 
isometric embedding 7 : [a,uj] — > X such that 7(a) = x and 7(w) = x' . The 
metric space {X, d) is called (fc-rough) geodesic if for all x,x' G X there exists 
a (fc-rough) geodesic connecting a; to x'. If there exists a fc > such that (X, d) 
is fc-rough geodesic, then {X, d) is said to be rough geodesic. 

According to |BoS| a metric space {X, d) is called fc-almost geodesic, if for every 
x,y € X and every t € [0, d{x, y)], there exists w €z X such that \d{x, w) — t\ < fc 
and \d{y, w) — {d{x, y) — t)\ < fc. (X, d) is said to be almost geodesic, if there ex- 
ists fc > such that it is fc-almost geodesic. Note that a hyperbolic metric space 
{X, d) is alomst geodesic if and only if it is rough geodesic (compare Proposition 

5.2 in EiS]). 

For geodesic metric spaces there are a number of equivalent characterizations 
of hyperbolicity using the geometry of geodesic triangles (see e.g. |BriH) and 
|FS2| '). All of those characterizations have analogues in the rough geodesic 
setting. Here we state the corresponding results, we are going to make use of in 
the following: 
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Definition 1 A k-roughly geodesic metric space {X,d) is said to be {S,k)- 
hyperbolic if each side of any k-roughly geodesic triangle in {X, d) is contained 
in the 5 -neighborhood of the union of the other two sides. 

Just along the lines of the proof of the corresponding statement for geodesic 
spaces (see e.g. |BriH| ') one proves the 

Proposition 1 Let [X, d) be a k-roughly geodesic space. Then the following 
are equivalent: 

(1) {X^d) is Gromov-hyperbolic. 

(2) there exists a S £ such that {X,d) is {S, k) -hyperbolic. 

Let X be a metric space and x.y, z £ X . Then there exist unique a,b,c £ 
such that 

d(x, y) = a + b, d(x, z) = a -\- c and z) = 6 + c. 

In fact those numbers are given through 

a = {y ■ z)^ , 
where, for instance, 

(y • z)x = 

In the case that X is /c-roughly geodesic we may consider a fc-roughly geodesic 
triangle xyUxzUyz C X, where for example xy denotes a fc-roughly geodesic seg- 
ment connecting x to y. Given such a triangle we write x := "fyz(b), y := jxz{a) 
and z := jxy{a). Note that for geodesic triangles it holds jxz{a) = Jxzi^^)- the 
case that {X, d) is only fc-roughly geodesic we still have e.g. d{'-fxz(a), 'Jxzi'^)) — 
2k. 

Similar to Lemma 1 i) in |FS2| one proves the 
Lemma 1 If(X,d) is {5, k) -hyperbolic, then 

d{z,z) < c + 2(5 + 4fc, d{^xy{t),"fxz{t)^ < 4(5 + 15fc V<e [0,a] 

and the points x, y and z have pairwise distance < 4i5 -|- 15fc. 

3.2 The boundary at infinity and Busemann functions 

Given a hyperbolic space {X, d) there are various ways to attach a boundary at 
infinity dooX to X . In this paper we define dooX in the following way: 
We choose a basepoint z £ X and say that a sequence {a;'}igN of points in X 
converges to infinity, if 

liminf (x^ ■ x-')z = oo. 

i,j ^oo 



b — {x ■ z)y and c — {x ■ y)z 



d{y,x) + d{z,x) - d{y,z) 
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Two sequences {x^j^gj^ and {y'ljgpj converging to infinity are equivalent, 

liminf (x* ■y-')z ~ oo. 

i,j >oo 

One shows that ~ is an equivalence relation and defines dX as the set of equiv- 
alence classes. We write [{a:;*}] € dX for the corresponding class. 

For V £ dX and r > one defines 

U{v,r) := IwedX 3{x''},{y''} s.t. [{x''}] ^ v, [{y'^}] ^ w, liminf {x^-y^)z > r\. 

On dX we consider the topology generated by U{v,r), v G dX, r > 0. 

Let now {X,d) be /c-roughly geodesic, then there exists a k' — k'{k,5) with 5 
as in equation (J^) such that for every x £ X there exists a fc'-rough geodesic 
jxu ■ [0,oo) — > X with 7a:,j(0) = a; and [{72;j,(»)}] = u (see |BoS| ). Such rays 
are said to connect x to u. 

We now fix such a /c'-roughly geodesic ray j^u connecting z G X to u G d^oX 
and define the Busemann function B^^^ : X — > M associated to the ray jzu via 



B^^^{x) :— liminf d[x^^zu{t)] — t 

Note that the limit inferior always exists, while the limit itself necessarily only 
exists once ^zu is a geodesic. 



4 The proof of Theorem [2] 

In this section we provide the 

Proof of Theorem 121 Let [Xi^di) be /c^-roughly geodesic, (5,i-hyperbolic, i — 
1,2, and set k := max{fci,fc2} as well as (5 := maxjJi, (52}. We show that for 
A > 4fc the space (1a, dm) is A'(A, fc, (5)-almost geodesic and therefore roughly 
geodesic due to Theorem ^ and Proposition 5.2 in |BoSI . 

Thus we have to show that for A > 4A: there exists K > Q such that for all 
y G 1a ! i S [0, dm{x, y)] there exists w G Ya such that 

t — K < dm{x,w) < t + K and {*) 

dm{x,y) - t- K < dm{y,w) < dm{x,y) -t~ K. 

(1) W.l.o.g. we assume dra{x,y) = di{xi,yi) > d2{x2,y2)- 

(2) W.l.o.g. we assume A < t < dm(x,y) — A. This can be done, since for 
A < t we may set w :— x while for t > dmix, y) ~ A we may set w := y and the 
inequalities above trivally hold once K > 2A. 
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(3) Now set 




i — 1,2. W.l.o.g. we assume A < t < ai, let jziXi ■ [0,di{zi,Xi)] — > Xi be 
2fc-rough geodesies connecting a;^ to z^, i = 1, 2 and set 

Note that since A > 4fc it follows that w G Ya- 
Moreover, from the definition of w it is clear that we have 

^2(^2,2:2) < di{wi,xi) + A + 4fc. (3) 

{Xi,di) is hyperbolic, i = 1,2. Thus, due to Proposition^] there exists Si such 
that {Xi, di) is {5i, 2fc)-hyperbohc. Setting 5 :— max{^i, and 5' := 45 + 30fc 
yields, due to Lemma ^ 

t~2k-6' < di{wi,xi) < t + 2k + S' and 
di{xi,yi)-t-2k-S' < di{wi,yi) < di{xi,yi) ~ t + 2k ~ S' . 

Now we consider the following two cases: 

(i) ^2(2^2, Z2) — [di{xi, zi) ~ t] < a2'. In this case Lemma^yields 

t-2k-S' < d2{w2,X2) < t + 2k + S' and 
d2{x2,y2) - t-2k~ S' < d2(w2,y2) < d2{x2,y2) -t + 2k- 6'. 

(ii) ^2(2:2, ^2) — [f^i (2^1,^1) — ^] > 0,2- Of course we have di{xi,zi) — t > 
di{xi, zi) — ai — ci, hence 

^2(2/2, 2:2) - [di{xi, zi) - t] < ^2(2/2, ^2) - ci 

< + A-ci = 61 + A. 

Thus, due to d2{x2, Z2) — [di{xi, zi) ~ t] > 02 and Lemma ^ we conclude 

^2(^2,2/2) < 61 + A + 5'. 

From (i) and (ii) and the inequalities {**) as well as (PJ it follows that the in- 
equalities {*) hold for a A' > sufficiently large. 

For the part of the proof concerning the boundary at infinity, we refer the reader 
to |FS2| . where the geodesic case is treated. □ 
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5 The limit case and final remarks 



In this section we state the Theorems 13 and 01 corresponding to the Theorems ^ 
and 121 when fixing points in the boundary at infinity of the factors rather than 
points in the interior. 

Let therefore {Xi, di) and {X2, c?2) be roughly geodesic hyperbohc metric spaces 
with non-empty boundaries at infinity. Fix Ui £ dooXi as well as Busemann 
functions Bi : Xi — > M, associated to roughly geodesic rays 7^ converging to 
Ui, i — 1,2. This time we consider the sets 

Ya ■■= {(xi,x2) eXi XX2 I 52(0:2)1 < A}, A>0. 

With this notation the following theorems hold: 

Theorem 3 Let {Xi,di) be Gromov hyperbolic metric spaces with nonempty 
boundaries at infinity such that two Busemann functions Bi : Xi — > M associ- 
ated to rough geodesic rays are defined. Then, for all A > 0, {Ya, dm\Y^xY^) 
also is hyperbolic. 

Theorem 4 Let {Xi,di) be roughly geodesic, Gromov hyperbolic metric spaces 
and Bi : Xi — > M Busemann functions on Xi, i — 1,2. Then there exists 
A > such that {Ya, dm\Yt\xYt\) olso is roughly geodesic and hyperbolic for 
all A > A. Moreover, dooiXA, dm\Y^xY^) 'is naturally homeomorphic to the 
smashed product doo{Xi,di) A doQ{X2, ^2)- 

Remark 2 The smashed product A is a standard construction for pointed topo- 
logical spaces (see e.g. 'Ml). Let {Ui,ui), {U2,U2) be two pointed spaces then 
the smashed product Ui A U2 is defined as Ui x U2/U1 V U2, where Ui x U2 is 
the usual product and 

U1VU2 = ({Ml} X C/2) U (c/i X {U2}) C U1XU2 

is the wedge product canonically embedded in Ui x U2. Thus Ui A U2 is obtained 
from Ui X U2 by collapsing Ui V C/2 to a point. For example S™ A S" — 5™^". 

The proofs of these theorems go just along the lines of the proofs of the cor- 
responding Theorems ^ and |21 when fixing points in the interior rather than 
the boundary. For the part of Theorem |2] concerning the boundary at infinity 
we refer the reader to |FS2| . where the analogue in the geodesic setting is proved. 

We finally point out that when starting off with two proper geodesic metric 
spaces one has to consider the length metric d induced by d^ on Yq, in order 
to obtain a proper geodesic space again. In this case, we might as well endow 
Yq with the length metric induced by the Euclidean product metric de instead 
of the maximum metric dm ■ Since both are length spaces which are bilipschitz 
related, one of them is Gromov hyperbolic if and only if the other one is. 
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In fact, when starting off with two Riemannian manifolds and fixing points at 
infinity, the construction using the Euchdean product metric has the advantage 
that it once again yields a Riemannian manifold (compare e.g. E^D)- However, 
we emphazise that for neither of the Theorems ^ |21 El and 0] we might replace 
the maximum metric through the Euclidean metric. This is, for instance, seen 
in the 

Example 1 Consider two copies of the real hyperbolic space H^. Fix points 
Ui £ doo^ , Busemann functions Bi associated to geodesic rays ji converging to 
Ui, i — \,2, and consider sequences of points {x^ — (a;",a;2)}, {y" = (yi,y2)}' 
{z" = {.z1,zl^)} and {w" = such that x^ = x^, j/^ = y^, z]" = , 

B,{zf) = B,{y^), d,{x^,y^) = d,{xf , z^^) = \d,{yl,z2), = y^ and w'^ = zj 
for all n €N, i = 1,2 as well as di{yf, zf ) "—^ qq^ i = 1,2. 
We claim that {Yo(lP ,Ui, Bi),de) is not hyperbolic. Suppose the contrary, then 
there exists a S > such that for all n £ N 

4(2;", + de(:E",w") 

< max{4(a;",j/") + d(z",w"),4(y",w") + rf(a;",z")} + 26 
<^ de{y'',z"-) < max{de(z",w"),%",w")} + 26 

^ V2di{y^,zf) < di(y?,zr) + 26, 
which contradicts our choices of sequences. 

References 

[BriH] M. Bridson & A. Haefliger, Metric spaces of non-positive curvature. 
Springer Verlag Berlin 1999 

[BoS] M. Bonk & O. Schramm, Embeddings of Gromov hyperbolic spaces, 
Geom. Funct. Anal. 10, No.2, 266-306, 2000 

[BuBuI] D. Burago & Y. Burago & S. Ivanov, A course in Metric Geometry, 
Graduate Studies in Mathematics, Vol. 33, Amer. Math. Soc, 415pp, 



2001 



[FSl] 



T. Foertsch & V. Schroeder, Hyperbolic Rank of Products, to appear 
in the Proc. Amer. Math. Soc. 



[FS2] 



T. Foertsch & V. Schroeder, Products of hyperbolic metric spaces, to 
appear in the Geom. Dedicata 



[G] 



M. Gromov, Hyperbolic groups, Essays in group theory (S.M.Gersten, 
ed). Springer Verlag, MSRI Publ. 8 (1987), 75-263 

C.R.F. Maunder Algebraic Topology, Cambridge University Press, 



[M] 



1980 



8 



